The basic strategy underlying models of spontaneous wave function collapse (collapse models) is to modify the Schrödinger equation by including nonlinear stochastic terms, which tend to localize wave functions in space in a dynamical manner. These terms have negligible effects on microscopic systems-therefore their quantum behaviour is practically preserved. On the other end, since the strength of these new terms scales with the mass of the system, they become dominant at the macroscopic level, making sure that wave functions of macroobjects are always well-localized in space. We will review these basic features. By changing the dynamics of quantum systems, collapse models make predictions, which are different from standard quantum mechanical predictions. Although they are difficult to detect, we discuss the most relevant scenarios, where such deviations can be observed.
Introduction
There is a well-known and simple reason why quantum theory, in its standard formulation, is not satisfactory as a theory of nature. When applied to macroscopic systems, it predicts the existence of superpositions of different macroscopic states-Schrödinger's cat being dead + alive. However such superpositions do not match with the world as we perceive it. Hence the problem: The link between theory and physical phenomena (at least at the macroscopic level) is not clear [1] .
Over the decades, several ways to solve the problem has been presented. The textbook solution introduces the collapse of the wave function, which takes places at the end of each measurement process-essentially, when a microscopic systems interacts with a macroscopic object-and prevents the Schrödinger equation from turning microscopic superpositions into macroscopic ones. It is an easy practical way to dismiss the problem, but it cannot be taken too seriously, since it introduces an arbitrary and not better defined division between micro-macro, small-large. A fundamental theory of nature cannot be founded on such a vague and ill-defined basis.
How to modify the Schrödinger equation
According to the Ghirardi-Rimini-Weber (GRW)and Continuous Spontaneous Localization (CSL) models [17, 18] , perhaps the two most popular collapse models, the Schrödinger equation is modified by adding nonlinear and stochastic terms, which induce the collapse of the wave function in space. The modification is such that these models are compatible with all known experimental data about quantum phenomena, and at the same time they make sure that macroscopic systems are never in funny macrocopic superpositions-Schrödinger's cat is always either dead or alive.
In order to better understand the role played by collapse models as an alternative to standard quantum theory, let us take a broader perspective. Let us suppose for a moment that these models were not already on the market, and let us ask the question: How can we modify the Schrödinger equation in a consistent way, without violating basic principles of physics? This issue was considered repeatedly in the literature, and was given a precise formulation by S. Adler [22] : The only possible modifications to the Schrödinger equation, which preserve the norm of the state vector and do not allow for superluminal signaling, are only those corresponding to collapse models. More recently, also S. Weinberg [23] raised the same question and has given the renewed interest in the subject.
The (more or less) most general form of the collapse equation is: Figure 1 . According to standard quantum theory, the superposition principle holds at all scales. Therefore Schrödinger's cat can be in a dead + alive state, which does not correspond to any classical state of it. According to collapse models, the superposition is (almost) right only at the microscopic scale, while it is more and more violated when moving toward larger and larger systems, to the point that macroscopic systems like Schrödinger's cat is always in a classical state, either dead or alive.
The first term on the right-hand-side represents the usual quantum evolution (unitary part). The other terms are responsible for the collapse of the wave function: the wave function is driven towards one of the common eigenstates of the operators L k (assuming that they exist, as it is the case for all collapse models considered in the literature), with a probability equal to the Born rule [18, 27] . Note that these terms are both nonlinear (the quantum average ψ|...|ψ enters the equation) and stochastic (W k,t are standard independent Wiener processes), as it should be in order to have a collapse process.
The CSL model
In the above equation, the only relevant degree of freedom is given by the form of the collapse operators L k . As stated here above, the nonlinear terms tend to collapse the wave function towards one of the common eigenstates of L k , therefore choosing these operators amount to choosing the preferred basis for the collapse.
If we wish to collapse the wave function in the energy basis, we choose L k = H. If we wish to collapse the wave function in momentum, than we pick the momentum operator. But since the main duty of collapse models is to make sure that macroscopic objects are always localized in space, the most direct-and in many ways most natural-choice is to pick the position operator, or some function of it. This is what happens in the GRW model, the CSL model, and all other most relevant collapse models.
Here we report the equation for the CSL model:
where H is the standard quantum Hamiltonian, in the QFT language, N (x) = a † (x)a(x) is the particle density operator, λ the coupling constant which sets the strength of the collapse mechanism, and W t (x) a family of independent standard Wiener processes with zero average and correlation:
The choice of the particle density as the collapse operators corresponds precisely to the desire of having wave functions localized in space, i.e. it is a good alternative to the position operator in the formalism of QFT.
4. The collapse mechanism. Choice of the parameters. The CSL mode is defined in terms of two parameters: the collapse strength λ and the spatial correlation function of the noise r C = 1/ √ α. The first parameter sets the strength of the collapse mechanism for one particle, and through the amplification mechanism which we will now explain, also for a macroscopic system. The second parameter tells which kind of superpositions are effectively suppressed, and which not. The situation is pictorially explained in Fig. 2 .
Let us consider a single particle (a nucleon) in a superposition of two localized states, whose relative distance in space is d. If d is smaller than r C , then the noise-so to say-does not see such a superposition as a 'macroscopic' superposition (the two states are too close to each other), and does not modify it in a significant way. On the other hand, if d is much larger than r C , then the noises sees it as a macroscopic superposition and tends to localized it to one of the two states. The rate is given by λ. Therefore r C sets the threshold between microscopic and macroscopic superpositions.
Let us now consider a composite system, an object, again in a superposition of two different states, distant relative to each other more than r C . The collapse mechanism becomes difficult to unfold analytically, due to the complexity of the dynamics for the system. Nevertheless one can work out a easy approximative rule to estimate the effect [28] . The center of mass of the system collapses with a rate:
where λ is the collapse rate of a single constituent (a nucleon), n is the number of constituents contained in a volume of radius r C (therefore it is a measure of the density of the system) and N counts how many such volumes can be accommodated in the system (therefore a measure of the total volume of the system). The important message is that the collapse rate of a composite system scales with its size: the bigger the system, the faster the collapse. This is precisely the reason why collapse models can accommodate, within a single dynamical equation, both the quantum properties of microscopic systems (few constituents) and the classical properties of macroscopic objects (many constituents). In doing this, collapse model explain the quantum-to-classical transition, how the probabilistic and wavy nature of atoms and molecules gives rise to the world of classical physics as we experience it, when they glue together to form larger and larger objects.
As a marginal note, one can see that the collapse rate scales partly linearly and partly quadratically with the number of constituents. The quadratic increase is due to the identity of particles: if the noise tries to collapse a particle, it has to collapse all other particles identical to it, in order to preserve the symmetry of the wave function. This quadratic increase is not present in the original GRW model, which deals only with distinguishable particles. Figure 2 . The amplification mechanism is the crucial property of collapse models: the collapse rate for the center of mass of a composite object is a function of the size and number of constituents of the system. The larger the system, the stronger the collapse rate. This is how collapse models can accommodate, within one single dynamical equation, both the quantum properties of microscopic systems and the classical properties of macroscopic objects.
Given this, the relevant question is: which values can one reasonably assign to λ and r C ? The question is not easy to answer from the theoretical point of view, as there are only very rough guidelines one can follow. As we explained here above, r C sets the division between micro and macro distances. A reasonable value to take, first suggested by GRW [17] , is:
which is much bigger than typical inter-atomic distances in matter (∼ 10 −10 m), but much smaller than human-size distances (∼ 0.1mm). Of course, this value could fluctuate a few orders of magnitude, but this is the best one can say at the moment. There is much less of a consensus regarding the value λ should have. In particular, two very different values were proposed, The first one was suggested by GRW:
which sets the quantum-to-classical (i.e. no-collapse vs. collapse) transition at the border between the mesoscopic and macroscopic world. This mean that particles, atom, small and large molecules and even those objects which are invisible at the naked eye, but otherwise are rather complex, all behave in a fully quantum mechanical way. Only when we reach the level of objects of our daily-life experience (dust grains, tables, chairs) the collapse becomes effective and protects wave functions from being in macroscopic superpositions. Therefore, what proposed by GRW is more or less the weakest, most conservative value for λ one can take, which guarantees that the macroscopic world behaves in a classical way. In more recent years, Adler suggested to take a much stronger value [28] :
The motivation is that the collapse process should be effective in all those situations which we would refer to as a measurement process, like the process of latent image formation in photography. A simple estimate of the number of atoms involved in this process shows that, in order for the collapse to be effective within the reaction time which leads to the formation of the latent image, one needs to take λ some eight orders of magnitude stronger than what suggested by GRW. In this way, the threshold between quantum and classical is moved to the border between the microscopic and mesoscopic world. This huge difference between the two proposals might be puzzling, but merely reflects our ignorance about the validity of the superposition principle in a vast domain. We know it holds for elementary particles, up to large molecules. We know that macroscopic systems are never observed in macroscopic superpositions. What happens in between, no one knows. It is a matter of intense theoretical and most of all experimental debate, as we will now discuss.
Remarks on experimental tests
While there is a broad range of possible experimental tests for collapse models, we are here focusing on only some of those: matter-wave interferometry experiments where a macroscopic quantum superposition state has to be generated, recently proposed high-resolution spectroscopy tests in the frequency domain and tests based on a tiny violation of energy conservation: the Pearle disc proposal. We shortly sumarize the state of the art of realised experiments and how close they are to actually test some of the proposed collapse models. We also emphasise the timeline for the experimental realisation of those tests, which have not yet been realised. A brief summary of the most prominent experimental tests can be found here [35] .
Quantitative measures to classify experiments
Clearly a set of parameters has to be specified to decide if a specific experiment is able to test the superposition principle in the macroscopic domain and therefore collapse models. Such parameters are the mass of the particle, the spatial size of the single-particle superposition state and the time duration of its existence. A recently introduced measure, called Macroscopicity µ which includes all three parameters is essential to objectively compare experiments [36] .
For the experiment it means the superposition state has to be associated to a large mass, large spatial separation between the positions where the particle is delocalised and a long (life)time for the existence of this spatial superposition states. It becomes clear that not every matterwave experiment would be sensitive to test Macroscpicity as defined above. For instance atomic matter-waves, while having an impressive momentum spread in modern experiments [40] , the mass is too light for a test. Also the formation of loosely bound ensembles of many identical atoms (Bose Einstein condensate) cannot be of help. Contrary, the very massive mechanical cantilevers, which are unwed for quantum opto-mechanic experiments [38] and have been shown that can be prepared in the vibrational ground state, possess typically a too small spatial separation to be really macroscopic [see table in reference [36] ]. But it would not be wise to have a last word about this today. Experimental development is vital and due to ever ongoing inventions, which could put back such systems on the map. For instance a way further for mechanical cantilevers would be to transfer the quantum superposition state on two identical cantilevers as proposed here [41] .
Experiments using matter waves
The interest in testing the limits of validity of quantum mechanics has increased in the last decades. The test of the break of the linearity of the Schrödinger equation, the lost of unitarity are all different names for the same thing, namely to test if quantum mechanics continues to be the correct theory even for macroscopic systems and if the quantum to classical transition can be explained by a universal mass-scaling mechanism. Clearly, while many competing theories and theoretical concepts try to explain this transition two of the main contenders are decoherence theory and the here discussed collapse models. There is an increasing number of experimental groups around the world, rushing towards creating quantum superpositions, which are as macroscopic as possible. In the nutshell, a very massive single particle superposition, with a large spatial and temporal extension has to be generated to test the quantum superposition principle. Here we want to look into some conceptual ideas to experimentally test quantum linearity.
Test as of today
So far the answer is affirmative, but the systems employed are still rather small. The Macroscopicity record is hold by the Arndt group in Vienna by molecule interferometry [39] of organic molecules of mass above 10,000 amu (atomic mass units) [42, 43] . The experiment is a so called Talbot-Lau interferometer, where the diffraction grating is a structure made of a retroreflected laser beam, based on the Kaptiza-Dirac effect [44, 45] . The natural extension of those particle beam experiments is proposed here for heavy particle and cluster beams. The OTIMA interferometer has been already realised [46, 47] . Now intense heavy-particle gas-phase beams have to be realised [48] . Macroscopicity and how this experiments can test collapse models is worked out here [37] .
New proposals for tests using matterwave interferometry
That experiments have motivated others to come up with new proposals for macroscopic matterwave experiments. Others propose the use of levitated particles (optical or magnetic) to generate a spatial quantum superposition state of an even larger (more massive) particle [49, 50, 51] . Ideas range from performing fast tests while the particle stays always in the trap [52, 53] to drop particles after initial state preparation [50, 54] . Recent progress in the manipulations and preparation of the centre of mass motion allows for the cooling to about 10 mK, which is sufficient for one of the proposals to generate a superposition state [54] . However a number of experimental challenges (mainly related to build a nanoparticle source in vacuum) remain before the experiments can be realised.
In the first case the stability of the trap has to be enormous and limits the actual lifetime of the superposition state to typically less than 10 µs. In some schemes internal (spin) states are prepared by a sequence of magnetic pulses in a resonance spectroscopic Ramsey technique and a closed interferometer has to be achieved within the time constraints given by dephasing and decoherence of the spin states. This internal state interferometry is coupled to the centre of mass motion of the magnetic particle and therefore represents a matter-wave interferometer.
The free fall / drop experiments are limited by the acceleration of the particle in Earth's gravitational field. For a particle of increasing mass the de Broglie wavelength of the accelerated particle by g gets so small that matter-wave experiments are almost impossible. The limit on mass is at the one million amu level. Such experiments will be able to test the CSL value with Adler's value for λ [37, 21] , but other models like the original GRW can not be approached and need a larger mass for the superposition. Therefore, MAQRO has been proposed to explore possibilities for quantum superposition experiments with nanoparticles in space [55] . Related conceptual and practical aspects have to been worked out [56] .
A further alternative is the transfer of superposition from matter-wave beam to a pair of mechanical cantilevers. A new concept for generating a almost macroscopic quantum superposition state of a large mass has be proposed by us [22] . The basic idea is that an atomic matter-wave is imprinted on a pair of identical mechanical cantilevers. State of the art quantum optics calculations show that the superposition state can survive this transfer, which if done in a real experiment would boost test in a new regime (10 13 amu). The status of this project requires now a careful design of the experiment and major funding to set it up. This experiment, if possible to realised, can fast all proposed collapse models [37, 21] .
Experiments in the frequency domain
The general strategy for the aforementioned matter-wave interferometry tests is to create superpositions in space, and test them with interferometers. Basically all groups follow this strategy. Recently we suggested an alternative route: to test quantum mechanics not in the time domain (see whether macroscopic superspositions exist and persist in time), but in the frequency domain [57, 58] . The idea is that deviations from quantum theory modify the spectral properties of atoms and molecules, and therefore can be checked with sophisticated spectroscopic techniques. The analysis shows that high-resolution experiments in the not too far future should be possible. For more details, see [58] . Currently we are investigating this general effect applied specifically on opto-mechanical systems. The goal is to understand if parameter settings in today's opto-mechanis experiments can test collapse models.
Other experiment
A-normal (collapse induced) Brownian motion: Another interesting idea, which is worth revisiting is an effect first described by Philipp Pearle [59] : A micrometer-sized disc is (frictionless) mounted inside an ultra-high vacuum chamber at very low temperatures to avoid heating and collisions of the disc. Then, collapse models predict, that due to stochastic noise, the disc should start to rotate and a quantitative effect is predicted and compared to classical Brownian motion caused by particle collision and the quantum version from e.g. laser shot noise. The parameter regime is practically accessible but various details of the concrete experimental setup have to be explored in a feasibility study.
Outlook
Collapse models are a viable alternative to quantum mechanics, avoiding the interpretational problems of the standard formulation of the theory. They are a well founded theory, since they consists of just a dynamical equation for the wave function, and everything else follows from that. This is what theories should be like. In particular, it can be proven [29] that the whole quantum formalism of measurements (observables as self-adjoint operators, the role of eigenvalues and eigenvectors, the Born rule ...) can be deduced, not pustulated, from the dynamical equation of collapse models, when applied those specific physical situations, which we call measurements.
On the other hand, it is somehow clear that collapse models are phenomenological, and call for an underlying theory out of which the quantum world-with the collapse-emerges, perhaps in a similar why to how thermodynamics emerges from classical statistical mechanics. The difficult question is to say something about this possible underlying theory. The only framework we are aware of, is the one provided by Adler with Trace Dynamics [22] . The work is still in progress, but already represents a promising way of understanding the quantum world as emerging from a deeper level of reality.
Another interesting question is if the collapse is related to gravity. This idea has been on the market for a long time, and perhaps the strongest input has been given by Penrose [30, 31] . There are good reasons to explore this possibility: gravity is a nonlinear theory, and nonlinearity is precisely what one needs to kill superpositions. Moreover, gravity becomes stronger, the larger the systems, just like the collapse process. Models have been developed [32, 34, 34] , but a breakthrough is still needed, in order to make it convincing that the collapse can be really linked to gravitational effects.
Also experimentally we are experiencing and exciting boost in possibilities and ideas on how to test collapse models. We predict that in the next three years some of the CSL models, such as the one proposed by Adler, will have been experimentally tested by matterwave experiments on Earth while other experiments will be pushed forward to test even more macroscopic quantum states. If a state collapse is observed, specific scaling of loss of quantum features of the superposition state (such as visibility of the quantum interference contrast) with experimental controllable parameters (such as internal and external temperature of the particle in superposition or the number of other particles in its environment) can be used to distinguish the collapse mechanism.
